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Abstract 
A spectrum analysis is presented to study the dynamic performance of Galerkin meshfree method with moving least 
square or reproducing kernel approximation. The analysis is carried out for the semi-discrete meshfree formulations 
with particular reference to the classical rod and beam problems. Both frequency spectra and the convergence rate of 
the fundamental frequency are discussed in detail and the finite element solutions are included for comparison as well. 
Numerical results show that the meshfree formulations have very favorable dynamic behavior compared with their 
finite element counterparts. 
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1. Introduction 
The meshfree methods using unstructured particle-based approximation have attracted significant 
UHVHDUFKDWWHQWLRQVLQFH¶V and various meshfree methods have been developed with a wide range of 
applications [1-7]. Among different meshfree methods one of the most frequently used meshfree method 
is the Galerkin type of meshfree method using the moving least square or reproducing kernel 
approximation [1, 2]. In this work the dynamic performance for the Galerkin meshfree method is analyzed. 
In the analysis, the rod and Euler beam problems are taken as the model problems to set up the meshfree 
semi-discrete equations for C0 and C1 problems, respectively. The essential boundary conditions are 
incorporated into the formulations through the transformation method [3] and the Lagrange multiplier 
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method [1]. The frequency spectra and the convergences rates of the fundamental frequency are examined 
and compared to the finite element solutions. 
2. Meshfree Semi-discrete Formulations 
Without loss of generality two types of one dimensional problem, i.e., the rod problem and the Euler 
beam problem (C0 and C1 problems) are considered herein. Assume a rod and Euler beam occupy the 
domain [0, ]L , in a meshfree approximation  is discretzied by a set of NP particles, Ix ¶s, thus the 
displacement or deflection of a point x  can be approximated as hv [1-3]: 
 
, ,1
( , ) ( ) ( ) ,   ,  ,  NPh h h hI I x x xx xxIv x t x d t v v v  <    ¦ Ȍd Ȍd Ȍ d Ȍ d   (1) 
where Id  are the nodal coefficients, NP denotes the number of meshfree particles. < I  is the meshfree 
shape function: 
 
1( ) (0) ( ) ( ) ( )I<   TI I a Ix x x x x xp p  (2) 
in which ( )I a Ix x  is the cubic B-spline kernel function with a compact support measured by the size of 
³a´ 2( ) {1, , ,..., }p Tx x x xp   is the monomial basis vector. ( )x is the moment matrix given by : 
 
1
( ) ( ) ( ) ( )NP TI I a IIx x x x x x xI    ¦ p p  (3) 
By invoking the meshfree approximation given in Eq. (1), one has the following meshfree semi-
discrete equation for an elastic rod: 
 
Md Kd 0   (4) 





x xEA dx A dxK Ȍ Ȍ M Ȍ Ȍ  U  ³ ³  (5) 
The boundary conditions are incorporated into the formulation by the transformation method [3] and 
the resulting free vibration eigenvalue problem is: 
 
2 1 1[ ( ) ] ,   ,   h T T    Z    K M ĳ 0 K T KT M T MT  (6) 
where T  is the transformation matrix. hZ and ĳ  are the numerical frequency and corresponding 
vibration mode to be solved. In case of the C1 Euler beam problem, the equation of motion takes the same 




xx xxEI dxK Ȍ Ȍ ³  (7) 
To enhance the solution accuracy for Euler beam problem, the Hermite reproducing kernel (HRK) 
method was developed in [6-7]. The basic idea for the HRK approach is to add the rotational variables in 
the deflection approximation of Euler beam. In HRK, the shape functions in K and M are replaced by 
H
IȌ  defined as follows: 
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1 1( ) (0) ( ) ( ) ( ),  ( ) (0) ( ) ( ) ( )Hw T H TI I a I I x I a Ix x x x x x x x x x x x
TI I <    <   p p p p  (9) 
in which 1( ) {0,1,2 ,..., }p Tx x x px
 p . ( )H x  is the HRK moment matrix given by: 
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For the Euler beam problem, the Lagrangian multipliers are used to impose the essential boundary 
conditions for the beam. To study the spectrum behavior of meshfree method, the normalized phase speed 
/Z Zh  and the convergence rate of the fundamental frequency are investigated in next section. During 
the analysis the conventional row-sum method is utilized to obtain the lumped mass matrix. 
3. Results and discussion 
Consider a rod whose geometry and material properties are: length 10 L , cross section area 1 A , 
density 1000U  . For convenience let / 1U  A EA  and E  LV<RXQJ¶VPRGXOXVFor the beam problem, 
the beam length, cross section area and material density are the same as those of the rod problem and one 
also takes / 1U  A EI . It is noted that the geometric properties do not affect the analysis results since 
normalized values will be presented. The discretizations for the rod problem are: 65 RK particles and 32 
quadratic elements. For the beam problem the discretizations are: 129 RK particles, 65 HRK particles, 64 
cubic elements. The problems with various boundary conditions and different order basis functions with 
various support sizes are employed in the analysis. Figs. 1 and 2 list the results of the frequency spectra 
and convergences rates of the fundamental frequency for the rod problems where N denotes the number 
of finite elements, h is element size or nodal distance. The fixed-free and fixed-fixed boundary conditions 
with the quadratic basis function are considered. The results show that the meshfree method yields much 
more favorable solution accuracy compared with the finite element method. Fig. 3 show that the accuracy 
increases as the approximation order grows for the meshfree method, where the normalized support sizes 
na ¶s are 2, 3, 3.5 for the 1
st, 2nd and 3rd order basis functions. The results for the beam problem with a 
cubic basis are plotted in Fig. 4 and once again it is observed that generally the meshfree formulations 
gives higher accuracy compared with their finite element counterparts where 4na   and 2na  are used 
for RK and HRK. Moreover HRK gives superior performance compared with RK, as is further shown in 
Fig. 5 with a quadratic basis and 3na   and 2na   for RK and HRK. 
(a) (b) 
Fig. 1. Fixed-free rod problem: (a) convergence of the fundamental frequency; (b) frequency spectra  
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(a) (b) 
Fig. 2. Fixed-fixed rod problem: (a) convergence of the fundamental frequency; (b) frequency spectra 
(a) (b) 
Fig. 3. Comparison of different RK basis functions: (a) convergence of the fundamental frequency; (b) frequency spectra 
(a) (b) 
Fig. 4.The beam problem with p=3: (a) convergence of the fundamental frequency; (b) frequency spectra 
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(a) (b) 
Fig. 5. The beam problem with p=2 using RK and HRK: (a) convergence of the fundamental frequency; (b) frequency spectra 
4. Conclusions 
A spectrum analysis of Galerkin meshfree method was presented. Based on the semi-discrete 
equations of the C0 rod and C1 beam problems, the results of frequency spectra and the convergence rates 
for the fundamental frequency were computed using different order basis functions, which were 
compared with the finite element solutions as well. It was shown that the meshfree formulations generally 
produce more accurate solutions than those of finite element method and moreover the HRK approach 
gives the most favorable results for the Euler beam problem. 
Acknowledgements 
The financial support of this work by NSFC (10972188), the Fundamental Research Funds for the 
Central Universities of China (2010121073) and the Program for New Century Excellent Talents in 
University from China Education Ministry (NCET-09-0678) is gratefully acknowledged.  
References 
[1] Belytschko T, Lu YY, Gu L. Element-free Gakerkin methods. International Journal for Numerical Methods in Engineering 
1994;37:229-256. 
[2] Liu WK, Jun S, Zhang YF. Reproducing kernel particle methods. International Journal of Numerical Methods in Fluids 
1995;20: 1081-1106. 
[3] Chen JS, Pan C, Wu CT, Liu WK. Reproducing kernel particle methods for large deformation analysis of nonlinear 
structures. Computer Methods in Applied Mechanics and Engineering 1996;139:195-227. 
[4] Li S, Liu WK. Meshfree particle methods, Springer-Verlag; 2004. 
[5] Liu GR. Mesh free methods: moving beyond the finite element method (2nd edition). CRC Press; 2009. 
[6] Wang D, Chen JS. A Hermite reproducing kernel approximation for thin plate analysis with sub-domain stabilized 
conforming integration, International Journal for Numerical Methods in Engineering 2008;74: 368±390.  
[7] Wang D, Lin Z. Dispersion and transient analyses of Hermite reproducing kernel Galerkin meshfree method with sub-
domain stabilized conforming integration for thin beam and plate structures, Computational Mechanics 2011;48: 47-63. 
